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VÎLCU, Dana
Faculty of Mathematics-Informatics
Spiru Haret University
d.vilcu.mi@spiruharet.ro

Abstract
We survey the main problems induced by the real time multiprocessor scheduling, particularly emphasising the independent task model.
Properties of scheduling independent tasks and implementation restrictions are presented, as well as their consequences. The relationship with
the bin-packing problem is also considered.
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1. Introduction
The articles on real time multiprocessor scheduling are generally based on
the assumption that the processors are identical and share the same memory.
Nevertheless, the scheduling theory makes clear the distinction between at
least three classes of diﬀerent multiprocessors machines [6]. The most general
class is that of parallel machines without relation: for every pair (Ti , pj ), with
Ti a task and pj a processor, the associated rate rij shows that the task Ti ,
while run t time units on processor pj , completes by rij t times its execution
time. A second class consists of uniform parallel machines: every processor
is characterised by its own computing capacity s (a task requiring t CPU
cycles will run in st time units). The most restricted class contains identical
parallel machines: machines with several identical processors (having the same
computing capacity).
The multiprocessor scheduling proves particularly diﬃcult, due to the
complexity of its problems, but also due to lack of practical experience in
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the ﬁeld. The main results presented here show this. On the other hand,
there are more and more multiprocessor real time systems, and the use of
multiprocessor SoC platforms is particularly interesting for embedded systems
from the viewpoint of (signiﬁcant) power savings, see [16].
This survey presents diﬀerent scheduling techniques for parallel identical
machines with shared memory, the usual case treated by the scheduling theory. Similarly to the monoprocessor case presented in [17], the independent
tasks are emphasised. The ﬁrst two types of parallel machines are particularly
useful for our studies treating the scheduling and the power consumption at
processor(s) level [15], [16], but they are not considered in this survey.
A few papers were particularly helpful to gather the results in this article.
First of all, Stankovic et al. [14] gives good ideas on the main topics in this
ﬁeld and indicates well-chosen references to present the corresponding results.
The very concise paper of Dertouzos [4] introduces the basic results on the
scheduling of independent tasks on multiprocessor machines and so furnishing
the manner to study the other models of tasks. Other categories of useful
papers are those referring to properties of diﬀerent scheduling algorithms, as
for example [10] or [1], and those treating the complexity of the problems, see
[2], [5], [8].
In Section 2 we recall the basic notions about tasks and scheduling.
Properties of scheduling independent tasks are presented in Section 3 and are
followed, in Section 4, by restrictions imposed by the implementation and their
consequences. Section 5 indicates another approach to solve the multiprocessor
scheduling problem, the bin-packing problem. The conclusions, in Section 6,
resume the topics covered by this survey.
2. Basic notions about tasks and scheduling
The tasks (sometimes also called jobs) are the basic entities of real time
scheduling problems, and they are periodic or a-periodic, with hard or soft
temporal constraints [3].

Figure 1. Canonical model of tasks [3].
The speciﬁc parameters of the canonical model of tasks are illustrated in
Figure 1, where the symbols represent: R - the starting (activation) moment
of the task execution, C - the maximal computation time to complete the task,
also called worst-time execution, D - the deadline of the task execution, which
can be hard or soft (depending on the importance of the task in the system,
or on the type of the application), P - the period of periodical tasks. The
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deadline is under request if it coincides with the periodicity of the task. An
index i will indicate that the parameters refer to the task Ti .
Some constraints complete these task parameters in order to deﬁne different task models: precedence relations between tasks, resource sharing, preemption, dependence, external priority, emergency, and maximal deadline.
A task is preemptible if, after starting its execution, it can be stopped
and its state becomes ready, in order to give the processor to another task
considered more important. If the execution of a task cannot be interrupted
then the task is called non-preemptible.
For a set of n periodical tasks, the following two parameters are very
important:
∑
i
- the processor utilisation (usability) factor, U = ni=1 C
Pi , and
∑n Ci
- the processor(s) charge, CH = i=1 Di .
We also deﬁne:
- the laxity L(t) of a task at the moment t, as the maximum delay relative
to the deadline, in order to (re)start its execution, when the task runs alone:
L(t) = D(t) − C(t), and
- the lateness of the task T , whose execution ends in Creal units of time, as:
L = Creal − D.
The scheduling strategies are the rules to select the next task to be executed in a multitasking system. In other words, these rules decide the schedule
of the tasks, attempting to optimally exploit the most important resource of
the system, the processor. At the level of the operating system’s kernel, these
strategies form the scheduler. The scheduling algorithm determines, according
to the implemented policy, the eﬀective order of the task execution, called the
schedule, or the task scenario.
A scheduling of a real time task set is feasible with respect to a scheduling
S if the deadlines of all tasks are respected when ordered by S. A task set is
schedulable if there exists a feasible scheduling for it.
We add the functioning principle of two scheduling algorithms.
Earliest Deadline First (EDF) allocates, at the moment t, the highest
priority to the task with the closest deadline to t.
Least Laxity First (LLF) allocates, at the moment t, the highest priority
to the task having the smallest laxity. The computation of laxities can be
done either at the moment of returning to activity of the tasks, in which case
the resulted sequence is the same as that produced by the EDF algorithm, or
at any moment (in the case of many context switches).
3. Properties of scheduling independent tasks
We start our presentation by highlighting the necessary knowledge on
the task set allowing to know the existence of a scheduling algorithm, optimal
for the given task set. Since the notion of deadline is particularly important,
the main results concern algorithms based on task deadlines.
Theorem 1. [4], [10] (The problem of insuﬃcient knowledge) For any
multiprocessor machine, no deadline scheduling algorithm can be optimal with67

out complete a priori knowledge of the activation moments, computation times,
and deadlines of the tasks.
Having this said, the a priori knowledge of these three most important
task parameters necessarily leads to oﬀ-line studies and has a direct connection
between the task set and the employed algorithm. The classical scheduling
algorithms, requiring the task activation moments, cannot be optimal if used
on-line, and one cannot hope to ﬁnd an optimal algorithm for the general case.
In the multiprocessor case, it would be very useful to have necessary
and/or suﬃcient conditions for the feasibility of a task set, and to know properties of algorithms with respect to diﬀerent task models. The analysis is still
far from the concrete and concise results in the monoprocessor case. For example, there is no(t yet found a) condition meanwhile necessary and suﬃcient,
not even for the periodical independent tasks, with deadline under request.
Below we present the main results.
Theorem 2. [4] For a set of periodical independent tasks, with deadlines under request, a necessary scheduling condition on a machine with m
processors is U ≤ m.
Theorem 3. [4] For a set of periodical independent tasks with deadlines under request and respecting the necessary feasibility condition U ≤ m,
Ci
there exists a feasible scheduling if D D
∈ IN , for all i = 1, ..., n, where
i
D = gcd(D1 , ..., Dn ).
Here, the notation “gcd” stands for the greatest common divisor of the
set of numbers following it between the parentheses.
Enlarging the study toward sets of arbitrary independent tasks, the results are even more complex, as shown by the next two theorems, giving a
necessary condition (Theorem 4) and information on the necessary knowledge
for the task set (Theorem 5) in order to simplify the scheduling problem and
to allow a priori estimates on the feasibility.
It must be noted that, according to the way the scheduling theory was developed, these results are based on the assumption that the employed machine
is either monoprocessor with constant speed, or multiprocessor with identical
processors, their number being ﬁxed at the beginning, and having all the same
running speed, constant during the tasks execution.
Next we deﬁne a function F to measure the excess of computation power
in the system for the next k time units. For every k ∈ IN ∗ , let G1 (k) =
{Ti |Di ≤ k}, G2 (k) = {Ti |Li ≤ k and Di > k}, and
F (k) = km −

∑

Ci −

i∈G1

∑

(k − Li ) .

i∈G2

Theorem 4. [4] (Necessary condition for scheduling a set of independent
tasks on m identical processors) A necessary condition for a scheduling to meet
the deadlines of a set of independent tasks whose activation moments are the
same (at time i = 0) is that for all k > 0, F (k) ≥ 0.
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Theorem 5. [4] If a schedule exists which meets the deadlines of a set
of independent tasks whose activation moments coincide, then the same set
of tasks can be scheduled on-line with the Least Laxity algorithm even if their
activation moments are diﬀerent and not known a priori. Knowledge of only
the deadlines and computation times suﬃces for scheduling.
This last theorem provides two important conclusions.
On one hand, it allows to solve the feasibility problem for a set of independent tasks for which the activation moments are diﬀerent and not known
a priori, on a machine with m processors, by reducing it to the feasibility
problem on the same machine for the same task set, but having the same
activation moment. For this reason, without any loss of generality, whenever
the feasibility of a set of independent tasks is searched for, the tasks will be
considered with the same moment of activation.
On the other hand, Theorem 5 indicates suﬃcient knowledge allowing
to answer the feasibility problem for a set of independent tasks on a machine
with a given (ﬁxed) number of processors. (LLF is indicated as the scheduling
algorithm assuring the feasibility.)
The following theorems show the diﬃculty to ﬁnd a non-preemptive
scheduling for a set of independent tasks with the same deadline. For independent arbitrary tasks one can ﬁgure out that the situation has at least
the same complexity.
Theorem 6. Consider the non-preemptive multiprocessor scheduling
problem with 2 processors, no resources, for independent tasks.
a) [2] For unit computation times this problem is polynomial.
b) [5] For computation times i) arbitrary, or ii) either 1 or 2 units of time,
this problem is NP-complete.
Theorem 7. [5] The non-preemptive multiprocessor scheduling problem with at least 3 processors, one resource, for independent tasks with equal
computation times, is NP-complete.
Theorem 8 shows an example where, for a certain metric, the preemption brings no advantage. In the general case, ﬁnding an algorithm allowing
preemption remains an NP-hard problem (Theorem 9), which means that for
solving this problem one needs heuristics.
Theorem 8. [9] For any instance of the multiprocessing scheduling problem with m processors, preemption allowed, and minimizing the weighted sum
of completion times, there exists a schedule with no preemption for which the
value of the sum of computation times is as small as for any schedule with a
ﬁnite number of preemptions.
Theorem 9. [8] The multiprocessing problem of scheduling with m processors, preemption allowed, and minimizing the number of late tasks, is NPhard.
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The results on dynamic scheduling are not many. One tried to transfer
monoprocessor scheduling results to multiprocessors, concerning the optimality of algorithms and, as we have already seen with Theorem 1, it is necessary
to have complete knowledge on tasks characteristics. That result, as well as
Theorem 4, is completed by:
Theorem 10. [10] Earliest Deadline algorithm is not optimal in the
multiprocessor case.
To illustrate this statement, Figure 2 shows an example (adapted from
[14]) when the scheduling of the same task set on 2 processors fails with EDF,
but is feasible with LLF. The task set is given by three periodic tasks with
deadlines under request: T1 (R1 = 0, C1 = 1, D1 = 2), T2 (R2 = 0, C2 = 1, D2 =
2) and T3 (R3 = 0, C3 = 3, D3 = 3), and is the task T3 which fails to meet
its deadline. Notice that the necessary feasibility condition in Theorem 2 is
respected, but (of course) this is not the case with the suﬃcient condition in
Theorem 3.

Figure 2. EDF and LLF for multiprocessor scheduling.
For all these theoretical reasons, but also because of the diﬃculty to
realize precise worst-case analyses for diﬀerent task models, the studies were
directed toward probabilistic heuristics and stochastic analyses, see [12], [18].
However, those analyses are expensive if realized on-line, and often require the
use of supplementary material, namely a scheduling chip. We will not present
them here.
4. Implementation restrictions and consequences
When implementing an application on a multiprocessor machine, we encounter similar problems to the monoprocessor case, even for independent
tasks, to mention only sharing the system resources or the overload.
According to [14], many researchers consider that the techniques to solve
the sharing resource problem for a monoprocessor system cannot be applied
to multiprocessor systems. For such systems, the sharing resources are usually
addressed by on-line scheduling algorithms, see [12], [13], [18].
Concerning the system overload, for sporadic tasks with preemption allowed, on a machine with two processors, the value of a task is deﬁned as its
execution time if the deadline is met, and zero otherwise; we have:
Theorem 11. [1] No on-line scheduling algorithm can guarantee a cumulative value larger than one-half for the dual processor case.
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Comparing to the monoprocessor case, extra complications may appear
in the multiprocessor scheduling problem, the so called Richard’s anomalies.
The following theorem applies to task sets with precedence constraints, but
clearly it also applies to the case of independent tasks with shared resources,
where we present two examples.
Theorem 12. [7] Consider a task set with precedence conditions and
ﬁxed computation times, optimally scheduled according to some priority criterion, on a multiprocessor machine. Changing the priority list, increasing the
number of processors, reducing the execution times, or weakening the precedence constraints, can increase the schedule length.
The ﬁrst example is adapted from [14] and treats the reducing of the
computation time of tasks. This seems to be the most frequent situation,
because the scheduling analyses are based on worst-case estimates for the
computation time of tasks. Our tasks are statically allocated, the ﬁrst two
on the ﬁrst processor, and the last three on the second processor. One can
see, on the right side of Figure 3, a decreased computation time for the task
T1 . Therefore, the task T2 , in mutual exclusion with the task T4 , is launched
sooner. This forces T4 to start its execution later than planned, and the
scheduling sequence becomes longer.

Figure 3. Richard’s anomaly caused by decreasing the execution time of a
task.
Our second example, illustrated by Figure 4, treats the increasing of the
processor number. The anomaly is produced again by mutual exclusion. The
tasks T3 and T4 have each two zones of reciprocal mutual exclusion. Passing
from 2 to 3 processors, while keeping the task execution order, yields a longer
scheduling time.

Figure 4. Richard anomaly caused by increasing the number of processors.
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5. The bin packing problem and multiprocessor scheduling
The problem of running a task set with temporal constraints is generally
treated to obtain the scheduling feasibility on a machine with ﬁxed number
of processors. Another approach, much less known and studied, is to ﬁnd
the minimal number of necessary processors to feasibly execute the task set.
This approach leads, in a ﬁrst stage, to the bin packing algorithmic problem.
According to certain order (given by the tasks characteristics), the tasks are
allocated one after the other and a processor (the bin) is allocated to them
if it can meet the task constraints (deadline). This task allocation to processors can be done by several arranging algorithms: Next Fit - NF (if the
current processor cannot meet the new task constraints, the next processor is
considered), First Fit - FF (if the current processor cannot meet the new task
constraints, the processors list is scanned, starting with the ﬁrst processor,
until a processor is found to assure the task deadline), Best Fit - BF (for the
task to be scheduled, the processors list is completely scanned to ﬁnd, according to a certain criterion, the best processor to guarantee the task deadline),
or First Fit Decreasing - FFD or Best Fit Decreasing - BFD (versions of FF
and BF where the tasks are ordered in a list according to their non-increasing
execution times, before applying the arranging algorithm). These arranging
algorithms can also be combined with the usual scheduling algorithms [11].
Let M be the minimal number of necessary processors to feasibly run a
set of independent tasks with the same deadline.
Theorem 13. [7], [11] For a large number of tasks, the worst-case bounds
for the processor number is 17M/10 for FF and BF, 11M/9 for FFD, and the
bound for BFD is not larger than that for FFD. The bound for RM-FD is at
least 1.66 larger than that given by a clairvoyant optimal algorithm.
The idea of increasing the processor number was also applied in [16],
to provide a necessary and suﬃcient condition for scheduling a task set on
a multiprocessor machine with variable speed processors, optimally from the
power consumption viewpoint.
6. Conclusions
This paper is a short survey on the main results of multiprocessor real
time scheduling for the models of independent tasks, and of independent and
periodic tasks. The subject concerns the feasibility of the task models, the
optimality of the scheduling algorithms and the complexity of the diﬀerent
problems. A special approach, aiming to determine the number of processors
to be used in the schedule of a task set, known as the bin-packing problem, is
also mentioned.
The goal was to present notions and results very useful –if not indispensable–
for understanding the multiprocessor scheduling of other task models, and also
for the multiprocessor power aware scheduling theory.
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