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Abstract
Iterative methods are used to solve large linear systems (analyze
situations where quantitative data is unknown and qualitative data is
known). Projection algorithms are particular cases of iterative methods,
so they can be more efficient used to solve systems that require a large
amount of calculations. The paper presents a parallel implementation of
the modified (CQ) algorithm used to solve large linear systems. Some
numerical tests are used to analyze the results improvement obtained
with the modified (CQ) algorithm.
Keywords: iterative methods, projection algorithms, parallel
immplementation.
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1. Introduction
Consider a nonlinear maping T : C → C, where C is a closed convex
subset of a real Hilbert space H. I denote by F ix(T ) the set of fixed points of
T in C, F ix(T ) 6= ∅.
A general iterative process, which convergence was intensively studied
([2], [7], [8], [10]), is given by the following Mann iteration
xk+1 = (1 − tk )xk + tk T (xk )
where {tk } is the control sequence, 0 < tk < 1.
The projection algorithms are particular cases of the Mann iteration
process, so the convergence properties of projection methods are obtained
from the general convergence properties of the Mann iteration.
In order to obtain strong convergence, many algorithms were created
[12], some of them impose restrictions on the system, others on the mapping
T on on the set C. A complete study on projection algorithms was given by
Bauschke and Borwein [4].
Projection algorithms derives from iterative methods; the first one was
introduced in 1954 by Agmon, Motzkin and Schoenberg [1] which used a relaxation algorithm in order to solve a system of linear inequalities.
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If PM (x) denote the projection of x onto M , then the classical projection
method is
xk+1 = (1 − tk )xk + tk PM (xk ),
where tk is the weight factor, 0 < tk < 2.
In 2003, Nakajo and Takahashi [13] introduced the (CQ) algorithm in
order to obtain strong convergence of the constructed sequence:

x0 = x ∈ Rn ,




 yk = (1 − tk )xk + tk T (xk ),

C = {z ∈ Rn : ky − zk ≤ kx − zk},

k
k
k


Qk = {z ∈ Rn : hxk − z, x0 − xk i ≥ 0},




xk+1 = PCk ∩Qk (x0 )

where {tk } ⊂ (a, 1] for some a ∈ (0, 1).
The convergence (strong convergence) of this algorithm was studied by
different authors [11] and was obtained for: T demicontractive mapping; I-T
demiclosed at 0.
Numerous studies were made in order to simplify the method but to
keep the strong convergence. The (CQ) algorithm was investigated in numerous papers and a generous number of generalizations were given (modified
methods).
In a recent paper, Takahashi, Takevchi and Kubota [16] introduced a
modified method for a family of nonexpansive operators, similar with the
(CQ) algorithm. Starting with the initial iteration x0 ∈ C, taking C1 = C
and x1 = PC1 x0 , the algorithm is defined by:

 yn = tn xn + (1 − tn )T xn ,


Cn+1 = {z ∈ Cn : ||yn − z|| ≤ ||xn − z||},
xn+1 = PCn+1 x0 ,

were the control sequence {tn }n≥0 satisfy 0 ≤ tn ≤ t < 1.
In a previous paper [14], I implemented a parallel (CQ) algorithm used
to solve linear large system. The results obtained from the numerical tests
were not so good; a big number of iterations were calculated until the solution
of the system was found.
In this paper, I present a parallel implementation of the modified (CQ)
algorithm in order to obtain better results.
2. Modified (CQ) algorithm parallelization
In order to solve large linear systems, I efficiently partition the system
into smaller systems that can be solved separately, distributed to a number
of parallel processors [9]. The goal is obtain a balance so that the waiting
time of the processors to be very small. Communication between processors is
generally expensive, the processors may have different communication needs,
thus achieving a balance in the parallel processing of data can be very difficult
[15].
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The ideal parallel system would be that each variable is calculated by
a different processor, so the number of variables is equal to the number of
processors.
In real parallel systems this is impossible. It should be taken into account
that, most likely, solving large linear system is part of a much larger problem
that also requires making other calculations to be solved.
In the considered implementation, the large linear system (the problem
that need to be solved) can be partitioned and distributed to a number of
parallel processing elements. An important discussion on the parallelization
technics can be found in papers like ([5], [6]).
Running the application for different systems, we observe that the execution time of the program increases significantly if at a point one processor must
wait another processor to complete the work, this happening at every step.
If I run the application for a system without making a prior pre-conditioning
operation, I observed that the running time is bigger than the situation when
I used a pre-conditioned system [3].
In the parallel system implemented, all nodes execute the same operation,
but working with different data. Finally, a concatenation processor handles all
data from processors who worked at step k and evaluate the solution obtained
by checking if the current step is a good solution to the linear system.
The modified (CQ) algorithm allows efficient parallelization because each
step uses the original data and the values calculated in the previous step. The
set of data stored in the shared memory at a time is not very high (increases as
the system size increases). The modified (CQ) process that need to be solved
at every step by each processor is given by the algorithm:
do{
yp k = tp k xp k + (1 − tp k T (xp k )
In parallel, different processor calculate the set Cp k+1
Cp k+1 = {z ∈ Cn : kyp k − zk ≤ kxp k − zk}
xp k+1 = PCp k+1 (xp 0 )
Calculate the residual vector ζp = bp − Ap xp k
}while (||ζp || ≥ )
where we consider the following large linear system:
Ax = b
with A is a large real matrix (A ∈ Rn×n ).
Parallelization of the modified (CQ) algorithm used to solve large linear
systems involves decomposing of the large matrix A and The vector solution xn
into blocks so that partitions can be resolved individually, or wait a minimum
number of data from other processors. Different processors calculate parts of
the modified (CQ) algorithm in order to achieve a good parallelization of the
method.
I used a parallel system with shared memory in order to achieve a better
time, so the matrix A and vector are stored in the common memory because
they must be easily accessible.
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Table 1: Experimental results with (CQ) algorithm for a parallel system with
11 processors
Size
10
20
30
40
50
75
100

Iterations
170
250
423
501
582
887
1131

Time/iteration
0.01
0.23
0.87
1.16
1.74
2.34
2.85

Iterations
162
233
397
488
524
803
876

Time/iteration
0.01
0.03
0.14
0.47
0.98
1.45
2.15

The application requires two iterations vectors of the same size as the
system stored in the memory. At each step the algorithm calculates the set
Ck that is stored for a short time (until the next iteration is computed).
For the parallel implementation of the modified (CQ) algorithm I have
developed an application that uses threads (each thread serves as a processor).
A main thread check if the solution is calculated at the current step k is
the desired solution for user application; other threads are used to calculate
intermediate values of the algorithm for each block separately. After each
secondary thread finishes its task, it writes in shared memory the calculated
values so that the main thread uses them to check if the solution was obtained.
The application was run for variuos examples. Were considered various
large linear systems and it was observed that the results are very good, in the
sense that time is quite small if we consider the large number of unknowns of
the system.
In the application that implements the (CQ) algorithm I maked some
numerical tests [14]. The same test, the same large linear system, will be
made for the modified (CQ) algorithm and the results will be listed in tabels
in order to observe the improvement obtain with this application.
The experimental results obtained by the parallelized modified (CQ) algorithm are described in table 1 (the parallel system has 11 processors) and
tabel 2 (the parallel system has 21 processors): first column represents number of unknowns (system size), the second column represents the number of
iterations calculated with the (CQ) algorithm, the third column represents the
execution time for one iteration of the algorithm for the (CQ) algorithm, the
fourth column represents the number of iterations calculated with the modified (CQ) algorithm and the last column represents the time for one iteration
of the modified (CQ) algorithm.
If the number of processors is increased to 21, table 2 shows that the
execution time decreases significantly and the number of iterations calculated
is reduced because each block will contain a smaller number of variables.
Evaluation of the numerical results obtained using the modified (CQ)
algorithm implementation can be influenced by: system pre-conditioning; processors type; processors speed; communication network; system memery type
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Table 2: Experimental results for a parallel system with 21 processors
Size
10
20
30
40
50
75
100

Iterations
142
232
376
455
542
721
875

Time/iteration
0.01
0.03
0.13
0.32
0.52
0.94
1.72

Iterations
140
229
364
436
532
682
771

Time/iteration
0.01
0.01
0.08
0.14
0.21
0.42
0.74

and accesibility.
Studying the results obtained we observe that the number of iterations
performed to determine the solution of the system is influenced by the number
of processors used because it uses a different system preconditioning. Number
of processors used directly influences the total execution time, as can be seen
in tables 1 and 2. In the considered examples the communication costs are
considered to be 0.
3. Conclusion
This paper presents the results obtained with a parallel modified (CQ)
algorithm that is used solve large linear systems. I analyzed the implementation of the parallel algorithm. The experiments were performed in order to
study the algorithm application.
The implementations allow us to analize the differences between the
modified (CQ) algorithm and (CQ) algorithm. A smaller amount of data
are calculated at every iteration and so the total time is much smaller. We
observe that there is also a great improvement in the total number of iterations
calculated until a solution of the large linear system is achieved.
Numerical experiments were performed in order to study the algorithm
implementation and applicability. The results obtained with the application
were better then the ones obtained with the (CQ) algorithm.
As a future work, I intend to improve the performance of the algorithm
and to apply the parallel approach to other projection algorithms in order to
study the differences between them.
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